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Abstract. DifFeological spaces are generalizations of smooth manifolds which include singular 
spaces and function spaces. For each diffeological space, P. Iglesias-Zemmour introduced a natural 
topology called the D-topology. However, the D-topology has not yet been studied seriously in the 
existing literature. In this paper, we develop the basic theory of the _D-topology for diffeological 
spaces. We explain that the topological spaces that arise as the D-topology of a diffeological space 
are exactly the A-generated spaces and give results and examples which help to determine when 
a space is A-generated. Our most substantial results show how the D-topology on the function 
space C°° (M, A^) between manifolds compares to other well-known topologies. 
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1. Introduction 

Smooth manifolds are some of the most important objects in mathematics. They contain a wealth 
of geometric information, such as tangent spaces, tangent bundles, differential forms, de Rham coho- 
mology, etc., and this information can be put to great use in proving theorems and making calcula- 
tions. However, the category of smooth manifolds and smooth maps is not closed under many useful 
constructions, such as subspaces, quotients, function spaces, etc. On the other hand, the category 
of compactly generated weak Hausdorff topological spaces is closed under these constructions, but 
the geometric information is missing. Can we have the best of both worlds? 

Since the 1970's, mathematicians have been trying to generalize the concept of smooth manifold. 
See pw for a nice summary and comparison of some of these approaches. In this paper, we study 



diffeological spaces, which were introduced by J. Souriau in his 1980 paper [So|, and we focus on the 
D-topology of diffeological spaces. 

A diffeological space is a set X along with a specified set of maps U — > X for each open set U in 
and each n G N, satisfying a presheaf condition, a sheaf condition, and a non-triviality condition 



(see Definition 2J). Given a diffeological space X, the D-topology on X is the largest topology 
making all of the specified maps U ^ X continuous. In this paper, we make the first detailed 
study of the D-topology. Our results include theorems giving properties and characterizations of 
the D-topology as well as many examples which show the behaviour that can occur and which rule 
out some natural conjectures. 
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Our interest in these topics comes from several directions. First, it is known [3YH| that the 
topological spaces which arise as the D-topology of a diffeological space are precisely the A-generated 
spaces, which were introduced by Jeff Smith as a possible convenient category for homotopy theory 
and were studied by [g, ^]. Some of our results help to further understand which spaces are 
A-generated, and we include illustrative examples. 

Second, for any diffeological spaces X and Y, the set C°°{X,Y) of smooth maps from X to Y 
is itself a diffeological space in a natural way and thus can be endowed with the D-topology. Since 
the topology arises completely canonically, it is instructive to compare it with other topologies that 
arise in geometry and analysis when X and Y are taken to be smooth manifolds. A large part of this 
paper is devoted to this comparison, and again we give both theorems and illustrative examples. We 
also state two conjectures about the relationship between the D-topology and the weak and strong 
topologies. 

Finally, this paper arose from work on the homotopy theory of diffeological spaces, and can be 
viewed as the topological groundwork for this project. 

Here is an outline of the paper, with a summary of the main results: 

In Section ||, we review some basics of diffeological spaces: the category of diffeological spaces is 
complete, cocomplete and cartesian closed, and it contains the category of smooth manifolds as a full 
subcategory. Moreover, like smooth manifolds, every diffeological space is formed by gluing together 
open subsets of R" , with the difference that n can vary and that the gluings are not necessarily via 
diffeomorphisms (Proposition 2.7). 

In Section 
Zemmour in [ 



we study the D-topology of a diffeological space, which was introduced by Iglesias- 
|. We show that the ZJ-topology is determined by the smooth curves (Theorem B.7), 

We recall a result of [SYB] which says that the topological 



while diffeologies are not (Example 3 



spaces arising as the Z?-topology of a diffeological space are exactly the A-generated spaces (Propo- 
sition |3.10| ) . We give a necessary condition and a sufficient condition for a space to be A-generated 
(Proposit ions |3.4| and 3.11) and show that neither is necessary and sufhcient (Proposition ^.12 and 



Example 3.14|). We can associate two topologies to a subset of a diffeological space. We discuss 



some conditions under which the two topologies coincide (Lemmas 3.16 and 3.17, Proposition 3.2C| . 



and Theorem 3.32| ). Section 3.4 contains our most substantial results. We compare the D-topology 
on the function spaces between smooth manifolds with other well-known topologies. The results are 



(1) the D-top ology is almost always strictly finer than the compact-open topology (Proposition 3.23 
and Example 3.26| ); (2) the D-topology is always finer than the weak topology (Proposition 3.25 ); 
(3) when the codo main is R" or the d omai n is compact, the D-topolo gy co incides with the weak 
topo logy (Theorem |3.27 and Corollary 3.2g ), but not always (Example 3.29 ). We include Conjec- 
ture |3.30|, which states that th e D-t opology is the smallest A-generated topology containing the 



weak topology, and Conjecture |3.34 , which states that the D-topology is contained in the strong 
topology. 

All smooth manifolds in this paper are assumed to be Hausdorff, second countable and without 
boundary. 



We would like to thank Andrew Stace y for the idea for the proof of Corollary 3.28 and Jeremy 
Brazas for the idea behind Example 3.14. 



2. Background on Diffeological Spaces 



Here is some background on diffeological spaces. Aside from Proposition 2.7 , all the material in 
this section can be found in the standard textbook Q. 

Definition 2.1 (|po|). A diffeological space is a set X together with a specified set Dx of maps 
U ^ X ( called plots ) for every open set U in M" and for each rt G N, such that for all open subsets 
U C M" and V C M™; 

(1) (Covering) Every constant map U ^ X is a plot; 
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(2) (Smooth Compatibility) If U ^ X is a plot and V U is smooth,, then the composition 
V U ^ X is also a plot; 

(3) (Sheaf Condition) If U — UiUi is an open cover and U ^ X is a set map such that each 
restriction Ui X is a plot, then U ^ X is a plot. 

We usually use the underlying set X to denote the diffeological space [XjVx)- 



Definition 2.2 (|So]). Let X and Y be two diffeological spaces, and let f : X ^ Y be a set map. 
We call f smooth if for every plot p : U X of X, the composition f o p is a plot of Y . 

The collection of all diffeological spaces with smooth maps forms a category, and we will denote 
it by J)iff. Given two diffeological spaces X and Y, we write C°°{X,Y) for the set of all smooth 
maps from X to Y . An isomorphism in Siff will be called a diffeomorphism. 

Theorem 2.3. There is a fully faithful functor from the category of smooth manifolds to Siff. 

Proof. Every smooth manifold M is canonically a diffeological space with the same underlying set 
and plots all smooth maps J7 — > M in the usual sense. We call this the standard diff'eology on M . 
By using charts, it is easy to see that smooth maps in the usual sense between smooth manifolds 
coincide with smooth maps between them with the standard diffeology. □ 

From now on, unless we say otherwise, every smooth manifold considered as a diffeological space 
is equipped with the standard diffeology. It is clear that given a fixed open subset U of M" , the set 
of all plots from [/ to a fixed diffeological space X is equal to C°°{U, X). 

Proposition 2.4 (Q). Given a set X, let V be the set of all diffeologies on X ordered by inclusion. 
Then T> is a complete lattice. 

Proof. This follows from the fact that T> is closed under arbitrary (small) intersection. The largest 
element in V is called the indiscrete diff'eology on X, which consists of all set maps U ^ X, 
and the smallest element in T> is called the discrete diff'eology on X, which consists of all locally 
constant maps U ^ X. □ 

The smallest diffeology Vx{A) on X containing a set of maps A — {Ui — > X}i^j is called the 
diffeology generated by A. The diffeology T>x {A) consists of all maps f : V ^ X such that there 
exists an open cover {Vj} oiV such that / restricted to each Vj factors through some element Ui ^ X 
in A via a smooth map Vj ^ Ui. The standard diffeology on a smooth manifold is generated by any 
smooth atlas on the manifold. For every diffeological space X, T>x is generated by U„gNC'°°(K", X). 

Generalizing the previous paragraph, let A = {fj : Xj — )■ X}j^j be a set of functions from some 
diffeological spaces to a fixed set X. Then there exists a smallest diffeology on X making all fj 
smooth, and we call it the final diffeology defined by A. For a diffeological space X with an 
equivalence relation ^, the final diffeology defined by the quotient map {X X/^} is called the 
quotient diffeology. Similarly, let B — {gk : Y Yk}k£K be a set of functions from a fixed set Y 
to some diffeological spaces. Then there exists a largest diffeology on Y making all gk smooth, and 
we call it the initial diffeology defined by B. For a diffeological space X and a subset A of X, the 
initial diffeology defined by the inclusion map {A ^ X} is called the sub-diffeology. 

Theorem 2.5. The category Siff is both complete and cocomplete. 

The forgetful functor DiS Get to the category of sets preserves both limits and colimits since 
it has both left and right adjoints, given by the discrete and indiscrete diffeologies. The diffeology 
on the (co)limit is the initial (final) diffeology defined by the natural maps. More precisely, let 
F : J D\S be a functor from a small category J. Then U — > lim(F) is a plot if and only if the 
composition U lim(F) — > F{j) is a plot of F{j) for each j G Obj(J). And U colimF is a plot 
if and only if locally it factors as U F{j) colimi^ for some j e Obj(J), with the first map a 
plot of F(j). 

Theorem 2.6. The category Siff is cartesian closed. 
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More precisely, given two diffeological spaces X and F, the set of maps {U ^ C°°{X^Y) \ 
U y. X Y is smooth} forms a diffeology on C°°{X^Y). We cah it the functional difFeology 
on C°°{X,Y), and we always equip hom-sets with the functional difFeology. Furthermore, for each 
diffeological space Y , — xY : Siff ^ S)ifF : C°°(y, — ) is an adjoint pair. 

A smooth manifold of dimension n is formed by gluing together some open subsets of R" via 
diffeomorphisms. A diffeological space is also formed by gluing together open subsets of (with 
the standard diffeology) via smooth maps, possibly for all n S N. To be precise, let's introduce the 
following concept: 

Let VS be the category with objects all open subsets of M" for all n e N and morphisms smooth 
maps between them. Given a diffeological space X, we define VS/X to be the category with objects 
all plots of X and morphisms the commutative triangles 

U — ^-^V 

\ 

X, 

with p,q plots of X and / a smooth map. We call VS/X the category of plots of X. Then we 
have 

Proposition 2.7. The colimit of the functor F : VS/X 2)iff sending the above commutative 
triangle to f : U V is X . 

Proof. Clearly there is a natural cocone F ^ X sending the above commutative triangle to itself. 
For each diffeological space Y and cocone g : F ^ Y , we define a set map h : X Y hy sending 
X e X to 5(a;)(M°), where by abuse of notation the second x denotes the plot M" — > X with image 
x e A". Note that h induces a (unique) cocone map since h{p{u)) = g{p{u)) — g{p) o u for each plot 
p : U ^ X and each u e J7, which also implies the smoothness oi h. □ 

Given a diffeological space X, the category VS/X can be used to define geometric structures on 
X. See pq, |2| for a discussion of differential forms and the de Rham cohomology of a diffeological 



space, and see [He, La| for tangent spaces and tangent bundles. 

3. The L'-topology 

A diffeological space is a set with some extra structure. We can associate to every diffeological 
space the following interesting topology: 

Definition 3.1 (jll[). Given a diffeological space X , the final topology induced by its plots, where 
each domain is equipped with the standard topology, is called the D-topology on X . 

In more detail, if {X, V) is a diffeological space, then a subset A of A is open in the D-topology 
of A if and only if p^^{A) is open for each p ^ V. We call such subsets D-open. If V is generated 
by a subset V , then A is D-open if and only if p~-^{A) is open for each p ^ V. 

A smooth map X — >■ A' is continuous when X and A' are equiped with the I?-topology, and so 
this defines a functor D : DiS — > Top to the category of topological spaces. 

Example 3.2. (1) The _D-topology on a smooth manifold with the standard diffeology coincides with 
the usual topology on the smooth manifold. 

(2) The £>-topology on a discrete diffeological space is discrete, and the I?-topology on an indis- 
crete diffeological space is indiscrete. 

Every topological space Y has a natural diffeology, called the continuous difFeology, whose 
plots U Y are the continuous maps. A continuous map Y Y' is smooth when Y and Y' are 
equiped with the continous diffeology, and so this defines a functor C : Top DiS. 
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Proposition 3.3. The functors D : !Diff ^ Top : C are adjoint, and we have C o D o C — C and 
D oC o D = D. 



Proof. The adjointness is [SYH, Proposition 3.1], and tlie rest is easy. □ 



Proposition 3.4 ([He, La]). For each diffeological space, the D-topology is locally path- connected. 

Howe ver, not every locally path-connected space conies from a diffeological space; see Exam- 
ple 

3.1. The _D-topology is determined by smooth curves. 

Definition 3.5. We say that a sequence Xm in K" converges fast to x in M" if for each fc £ N 
the sequence m'^{xm ~ x) is bounded. 



Lemma 3.6 (Special curve lemma [KM, page 18]). Let Xm be a sequence which converges fast to x 
in M". Then there is a smooth curve c : R — > M" such that c{t) = x for t < 0, c{t) = xi for t > I, 
c(^) = Xm for each m S Z"*", and c maps , ;^] to the line segment joining Xm+i and Xm- 

Note that every convergent sequence has a subsequence which converges fast. 

Theorem 3.7. The D-topology on a diffeological space X is determined by C°°(R, X), in the sense 
that a subset A of X is D-open if and only if p'^^[A) is open for every p e C°°(M, X). 

Proof. (=>) This follows from the definition of the I?-topology. 

(<;=) Suppose that p~^{A) is open for every p g C°°(E, X). Consider a plot q : U X, and let 
X e q~'^{A). Suppose that {xm] converges fast to x. By the special curve lemma, there is a smooth 
curve c : M — 5- C/ such that c{-^) — Xm for each m and c(0) = x. Since c~^{q~^{A)) is open, Xm is 
in q^^{A) for m sufficiently large. So q~-^{A) is open in U. □ 

Example 3.8. Let X = with the standard diffcology, and let Y be the set with the diffeology 
generated by C°°(R,R2). Then D{X) is homeomorphic to D{Y) since C°°(R,X) = C°°(R,y), but 
X and Y are not diffeomorphic since the identity map — > R^ does not locally factor through 
curves. In other words, the Z?-topology is determined by smooth curves, but the diffeology is not. 

In this example, Y has the smallest diffeology such that C°°(R,R^) consists of the usual smooth 
curves. In contrast, by Boman's theorem [KM, Corollary 3.14], X has the largest diffeology such 
that C°°(R, R^) consists of the usual smooth curves. That is, p : U — > X is a plot if and only if for 
every smooth function c : R — >■ [/, the composite p o c is in C°°(R, X). 

3.2. Relationship with A-generated topological spaces. 

Definition 3.9. A topological space X is called A-generated if the following condition holds: A C_ X 
is open if and only if f^^(A) is open in A", the standard n-simplex in Top, for each continuous 
map f : A" — >■ X and each n G N. 

It is not hard to show that being A-generated is the same as being R-generated or [0, l]-generated, 
i.e. that one can determine the open sets of a A-generated space using just the continuous maps 
R ^> X or [0, 1] — > X. This follows from the existence of a surjective continuous map R ^> A" 
which exhibits A" as a quotient of R. Note the similarity to Theorem 3.7. More on A-generated 
topological spaces can be found in p^"R| . 

Proposition 3.10 ( pYH] ]). The spaces in the image of the functor D are exactly the A-generated 
topological spaces. 

Since the argument is easy, we include a proof. 

Proof. Let X be a diffeological space, and consider A C D{X). Suppose f^^{A) is open in R for all 
continuous / : R ^> D{X). Then f~^{A) is open in R for all smooth f -.R ^ X. Thus A is open in 
D{X), and so D{X) is A-generated. 
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Now suppose that Y is A-generated. By adjointness, the identity map D{C{Y)) Y \s con- 
tinuous. We claim that it is a homeomorphism, and so Y is in the image of D. Indeed, suppose 
A C D{C{Y)) is open. That is, f-'^{A) is open in R for all smooth / : K ^ C{Y). That is, /"^(^) 
is open in M for all continuous / : M — > y. Then, since Y is A-generated, A is open in Y . □ 

Because of this, it will be helpful to better understand which topological spaces are A-generated. 

Proposition 3.11. Every locally path- connected first countable topological space is A-generated. 

Proof. Let {X, r) be a locally path-connected first countable topological space. Then for each x € X, 
there exists a neighborhood basis {Ai}°^^ of x, such that 

(1) each Ai is path-connected; and 

(2) A,+i C A,. 

This is because, for a neighborhood basis {iJij^i of x, we can define Ai to be the path-component 
of Bi containing x, and Ai to be the path-component of Ai^i D Bi containing x for i>2. Since X 
is locally path-connected, the AiS are open. 

Now let r' be the final topology on X for all continuous maps A" {X, r) for all n e N. Clearly 
T <^ t' . Suppose A is not in r. This means that there exists x d A such that for each U ^ t which is 
a neighborhood of x, there exists xjj & U \ A. Let {^i}^]^ be a neighbourhood basis for x with the 
above two properties, and write Xn G A^ \ A accordingly. Define f : [0,1] X by letting ij 

be a continuous path connecting Xi^i to xt in Ai, and /(O) = x. It is easy to see that / is continuous 
for {X, t), but f~^[A) is not open in [0, 1]. So A is not in r'. □ 



Recall from Propositions B.4 and ^.10 that every A-generated space is locally path-connected. 



However, not every A-generated space is first countable: 

Proposition 3.12. Let X be a set with the complement-finite topology. We write card(X) for its 
cardinality. Then 

(1) X is A-generated if ca.rd{X) < card(N) or card(X) > card(R); 

(2) X is not A-generated if ca.rd{X) = card(N). 

Note that X is not first countable when card(X) > card(R). This provides a counterexample to 



the converse of Proposition 3.11 



Proof. (1) If X is a finite set, then the complement finite topology is the discrete topology. Hence 
X is A-generated. 

Assume card(J(") > card(]R), and let _B be a non-closed subset of X, that is, B X and card(_B) > 
card(N). We must construct a continuous map f : R ^ X such that f^^{B) is not closed in R. 
Note that in this case, every injection R ^ X is continuous. 

Take an injection / : {■^}nez+ ~^ B. We can extend this to an injection f : M. ^ X with 
f{0) € X \ B. This map is what we are looking for. 

(2) If card(X) = card(N), then every continuous map [0,1] — )■ X is constant. Otherwise, since 
every point in X is closed, [0, 1] would be a disjoint union of at least 2 and at most countably many 
non-empty closed subsets, which contradicts a theorem of Sierpihski (see, e.g., A. 10. 6] or the 
slick argument posted by Gowers Q). Since X is not discrete, it is not A-generated. □ 

Remark 3.13. Assume the continuum hypothesis. Then the above proposition says that a set X 
with the complement finite topology is A-generated if and only if X is not an infinite countable set. 

Here is an example showing that not every locally path-connected topological space is the D- 
topology of a difii'eological space: 

Example 3.14. As a set, let X be the disjoint union of copies of the closed unit interval indexed by 
the set J of countable ordinals. We write elements in X as Xa with x G [0, 1] and a € J. Let Y be 
the quotient set X/ ~, where the only non-trivial relations are la ~ lb for all a,b G J. Since we will 
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only work with Y, we denote the elements of Y in the same way as those of X. The topology on Y 
is generated by the following basis: 

(1) the open interval (xa, j/a) for each < x < y < 1 and a E J] 

(2) the set Ua,x ■= {^a<bej[^b, U]) U {yJc<a{xc, Ic]) for each a e J and x G [0, 1). 

One can show that Y is locally path-connected (but not first countable). However, Y is not A- 
generated. Indeed, let A = Uagj(Oa,la]. Then A is not open in Y. For every continuous map 
/ : A" — > X , we claim that f~^{A) is open in A". Otherwise, there exists u £ f^^{A) such that no 
open neighborhood of u is contained in f~^[A). Since the intervals {XaTUa) are open, we must have 
f{u) = la, the common point. Choose a sequence {ui) converging to u such that each Ui is not in 
f^^{A). Then f{ui) = Ofc. for some countable ordinals bi. Let & be a countable ordinal larger than 
each hi. Then Ub,o is an open set containing f{u) but none of the J{ui), so f{ui) is not convergent 
to f{u) — la, which conflicts the continuity of /. 

3.3. Two topologies related to a subset of a diffeological space. Let X be a diffeological 
space, and let F be a quotient set of X. Then we can give Y two topologies: 

(1) the ZJ-topology of the quotient diffeology on Y; 

(2) the quotient topology of the ZJ-topology on X. 

Since D : Siff Top is a left adjoint, these two topologies are the same. 

Similarly, let X be a diffeological space, and let A be a subset of X. Then we can give A two 
topologies: 

(1) Ti{A) : the Z?-topology of the sub-diffeology on A\ 

(2) T2{A) : the sub-topology of the Z?-topology on X. 

However, these two topologies are not always the same. In general, we can only conclude that 
MA)Ct,{A). 

Example 3.15. (1) Let A be a subset of R. Then ti{A) is discrete if and only if A is totally 
disconnected under the sub-topology of K. In particular, ii A — Q, then ti(Q) is the discrete 
topology, which is strictly finer than the sub-topology T2{Q). 

(2) Let / : M ^> R be a continuous and nowhere differentiable function, and let A = {{x, f{x)) \ 
a; G K} be its graph, equipped with the sub-diffeology of . Then ti (A) is the discrete topology, 
which is strictly finer than the sub-topology of K^. Here is the proof. Let g : R — > defined by 
1 1— > {y{t), z{t)) be a smooth map whose image is in A. Assume that y'{a) ^ for some a G R. Then 
by the inverse function theorem, y : R — > R is a local diffeomorphism around a. Since Im((7) C A, we 
have z = / o y, which implies that / = z o y^^ around y{a), contradicting nowhere differentiability 



of /. Therefore, any plot of the form R — A is constant. By Theorem 3.7, ti{A) is discrete. On the 



other hand, the sub-topology T2{A) is homeomorphic to the usual topology on 

We are interested in conditions under which ti{A) ~ T2(A). 
Lemma 3.16. Let A be a convex subset o/M". Then ti{A) — T2{A). 



Proof. Following the idea of the proof of [KM, Lemma 24.6(3)], let B C A be closed in the ti(A)- 
topology, and let B be the closure of i? in A for the T2(A)-topology. Note that the T2(A)-topology 
is the same as the sub-topology of R". Hence, for any 6 e i3, we can find a sequence 6„ in B which 



converges fast to b. Since A is convex, the Special Curve Lemma (Lemma 3.6) says that there is a 
smooth curve c : R — A such that c(0) = b and c(i) = 6„ for each n G Z"*". Therefore, b G B hy the 
definition of the I?-topology. □ 

Lemma 3.17. If A is a D-open subset of a diffeological .space X, then ti(A) = T2{A). 

Proof. Let B be in ti{A). To show that B is in T2{A), it suffices to show that B is _D-open in X. 
Let p : U X he an arbitrary plot of X. Since A is Z?-open in X, p^^{A) is an open subset of U. 
Hence the composition of p^^{A) ^ U X is also a plot for X, which factors through the inclusion 
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map A ^ X. Since B E ti(A), (p|p-i(A)) ^{B) is open in p ^(A), which implies that p ^{B) is 
open in U. Thus B is _D-open in X, as required. □ 

Example 3.18. GL{n,R) is D-open in M{n,R) M"'. Hence, Ti{GL{n,R)) = T2{GL{n,R)). 



Also see Theorem |3.32| for another example. Note that Lemma |3.17| is not true if we change 
_D-open to Z?-closed: 

Example 3.19. Let A = {^}nez,+ U {0} C M. Then A is D-closed in M. It is easy to check that ti{A) 
is discrete, which is strictly finer than T2{A). 

Proposition 3.20. Let X be a diffeological space and let A be a subset of X . If there exists a 
D-open neighborhood C of A in X together with a smooth retraction r : C ^ A, then ti{A) = T2{A). 
(Here both C and A are equipped with the sub-diffeologies from X .) 

Proof. Let B e ti{A). Then r-^{B) e ti(C) = T2(C) is D-open in X. Therefore, B = Anr-^{B) e 

T2{A). □ 

Example 3.21. Given a smooth manifold M of dimension n > 0, by the strong Whitney Embedding 
Theorem, there is a smooth embedding M ^ R^". If we view M as a subset of M^", then ti{M) — 
T2{M) since there is a tubular neighborhood U of M in R^" together with a smooth retraction 
U M. 

3.4. The _D-topology on function spaces. Let M and N be smooth manifolds. Recall that 
the set C°°(M , N) of smooth maps from M to N has a functional diffeology described just after 



Theorem |2^. In this section, we consider the topological space obtained by taking the D-topology 
associated to this diffeology, and we compare it to other well-known topologies on this set: the 
compact-open topology, the weak topology, and the strong topology. 

Here is a review of these three topologies and their relationship. Section 2.1 of is a good 
reference for the weak and strong topologies. 

The compact-open topology on C°°(M, N) has a subbasis consisting of the sets A{K, W) — {f E 
C"^ {M, N) I f{K) C W}, where K is a. non-empty compact subset of D{M) and W is an open 
subset of D(7V). 

We now describe a subbasis for the weak topology on C°°{M,N). For r G N, (?7, a chart of 
M, (y, ■0) a chart oiN.K CU compact, / e C°°(M, N) with f{K) C V, and e > 0, we define the 
set A^'-(/,(?7,<^),(V,V),-F^,e) to be {g e C°°{M,N) \ g{K) C V and \\D' [i) o f o 4)-^){x) - D' [i, o g o 
(/)~^)(a;)|| < e for each a: 6 (f^iK) and for each multi-index i with \i\ < r}. These sets form a subbasis 
for the weak topology. Here i = (ii, . . . , i„) is a multi- index in N", |«| = ii -}-•••+ ««, and D* is the 
differential operator 



A subbasis for the strong topology on C°° (M, N) is similar, but it allows constraints using multiple 
charts. More precisely, if N^{f,{Ui,4>i),{Vi,ipi),Ki,ei) is a family of subbasis sets for the weak 
topology such that the collection {Ui] is locally finite, then the intersection of this family is a 
subbasis set for the strong topology. In fact, one can show that these intersections form a base for 
the strong topology. 

It is clear from the definitions that each of these is at least as fine as the previous one, i.e., that 

compact-open topology C weak topology C strong topology. 

The compact-open topology and the weak topology coincide if and only if M or N is zero-dimensional 
(see Example 3.26| ). Moreover, the weak topology and the strong topology coincide if the domain M 



is compact and are different if M is non-compact and TV has positive dimension (see pp. 35-36] 

We begin with a lemma which is needed for the subsequent proposition. 

Lemma 3.22. Let X and Y be two diffeological spaces such that D{X) is locally compact HausdorfJ. 
Then the natural bijection D{X y.Y) ^ D{X) x D{Y) is a homeomorphism. 
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Note that when X is a smooth manifold, D{X) is locally compact Hausdorff. 

Proof. First observe that the natural bijection D{U xV) ^ D{U) x D{V) is a homeomorphism for U 
and V open subsets of Euclidean spaces, since in this case the 15-topology is the usual topology. The 
functors D : S)iff Top, Z x — : DiS DiS for any diffeological space Z and W x — : Top — Top 
for any locally compact Hausdorff space W all preserve colimits since they are left adjoints. Thus 



the claim follows from Proposition 2.7, using that D{X) is locally compact Hausdorff, as is each 



D{U) for U an open subset of Euclidean space. □ 

For general X and Y , one can show using a similar argument that the D-topology on D{X x Y) 
corresponds under the bijection above to the smallest A-generatcd topology containing the product 
topology on D{X) x D{Y). 

Proposition 3.23. For any diffeological spaces X and Y, the D-topology on C'°°{X,Y) contains 
the compact-open topology, where we regard C°°{X,Y) as a subspace of 1op{D{X), D{Y)). 

This result is a stepping stone to proving the stronger statement that the D-topology contains 
the weak topology. 

Proof. Recall that the compact-open topology has a subbasis consisting of the sets A{K, W) = {f € 
C°°{X,Y) I f{K) C W}, where K is a non-empty compact subset of D{X) and W is an open 
subset of D{Y). We will show that each A{K, W) is L»-open. Let (/) C°°{X, Y) be a plot of 

C°° {X,Y). Since the corresponding map (j> : U x X ^ Y is smooth, (l)^^{W) is open in D{U x X). 
So for each u G (j)~^{A{K,W)), {u} x is in the open set ( f>~^{W ). Note that the natural map 
D{U X X) — > D[U) X D{X) is a homeomorphism by Lemma [3.22| . By the compactness of K and 
the definition of the product topology, V x K (1)~^{W) for some open neighborhood of u in ?7, 
which implies that (f)^^{A{K, W)) is open in U . Thus A{K^ W) is open in the D-topology. □ 

We will see in Example 3.26| that the Z3-topology is almost always strictly finer than the compact- 
open topology. 

The next lemma will be used to show that the D-topology contains the weak topology for function 
spaces between smooth manifolds. 

Lemma 3.24. Let U he an open subset m W\ Then D' : C°°{U,R) C°°(C/,M) is smooth. 

Proof. Let (f) : V C°°{U,M.) be a plot with dim(y) = to. This means that the associated map 
(f) : V X U defined by u) = (l){v){u) is smooth. Write j for the vector (0™, i) € with 
Om the origin of M™. Then {4>) -.V xU ~>Wis smooth. Since D^{4>){v,u) = D''-{(f>iv)){u), o cf) 
is a plot, which implies the smoothness of D*. □ 

Note that differentiation is not even continuous with respect to many commonly studied topolo- 
gies. For example, if we restrict the operator to the space of compactly supported functions in 
C°°(C/, M), topologized using the L^-norm, and have it take values in the same space, then it is not 
continuous. 

Now we can compare the D-topology with the weak topology for function spaces between smooth 
manifolds: 

Proposition 3.25. Let M and N be smooth manifolds. Then the D-topology on C°°{M, N) contains 
the weak topology. 

Proof. Recall that the weak topology on C°°(M, N) has the sets N^{f, {U, (p), {V, -0), K, e), described 
at the beginning of this subsection, as a subbasis. 

Let p : W ^ C°°{M,N) be a plot, that is, p : W x M N give n by p{ w x) ^ p{w){x) is 



smooth. If w S p~^{N'^{f, {U, (f>), {V, ■ip),K,e)), then by Proposition 3.23 , Lemma 3.24 and the facts 
that (f) and ip are diffeomorphisms, only finitely many differentials are considered, K is compact and 
V is open, it is not hard to see that there exists an open neighborhood W of w in 14^ such that 
W Cp-\N-{f,{U,(f>),{V,i;),K,e)). Therefore, {f, (U, <f>), {V,ij), K,e) is D-open. □ 



10 



J. DANIEL CHRISTENSEN, J. GORD SINNAMON AND ENXIN WU 



Since tlic weak topology is almost always strictly finer than the compact-open topology, so is the 

D-topology: 

Example 3.26. The D-topology on C°°(K,R) is strictly finer than the compact-open topology. To 
prove this, consider U = N^{0, (K, id), (M, id), [—1, 1], 1), where is the zero function. This is open 
in the weak topology and thus is open in the _D-topology. Wc claim that no open neighborhood 
of in the compact-open topology of C°°(M, R) is contained in U. Otherwise, wc may assume 
6 e A{K, (-e,e)) C [/for some e > and some compact K, since if 6 e A{Ki, Wi)n- ■ •nA(if„, Wm), 
then e Wi for each i and 6 S A{Ki U • • • U K^, VFi n • • • n W^) C A{Ki, Wi) n ■ ■ ■ n AiK^, wj). 
Then clearly / : M ^ R defined by f{x) = (e/2) sin(2a;/e) is in A{K, (-e,e)) for any K. But / is 
not in U since /'(O) — 1. 

Using a similar argument, with bump functions, one can show that when M and N are smooth 
manifolds of dimension at least 1, then the weak topology is strictly finer than the compact-open 
topology. Thus the I^-topology is strictly finer than the compact-open topology in this situation. 

Here are two special cases when the £>-topology and the weak topology coincide: 

Theorem 3.27. The weak topology on C°°(M, R") coincides with the D-topology. 

Proof. We first introduce some notation. Fix a smooth function /i : R — >■ R such that Im(/i) = [0, 1], 

supp(/i) C (1,4) and h{2) = 1. For each i G N, define hi{t) = h{AH), and write = max.{\h^p {t)\ \ 
t e R, < j < i}. One can show that 1 < Mq < Mi < • ■ • . 

Write T for the weak topology on C°°{M, R"). Let £ be a subset of C°°{M, R") which is not in 
r. Wc will show that E is not _D-opcn. Since E is not in r, there exists a map f E E such that no 
open neighborhood of / in r is contained in E. Note that there exists an atlas {{Uj, of M, a 

sequence f/j C Kj C Uj with Kj compact and f/j ^ open in M, for each j, such that Uj^j^U'j = M. 



For each i e N, let Bi{f) = n)^^N^{f,{U,,^,),{W\id),Kj,j^). Clearly, C B,{f) 

and each Bi{f) is an open neighborhood of / in r. So we can choose fi e Bi{f) \ E, and let 
ai : R ^ C°"(M,R") be defined by ai{t) = {l-t)f + tfi for each i e N. Define ^ : R -> C°"(M,R") 

by 



The key facts about /? are that /3(0) = / and /3(2/4*) = fi for each i. We will show below that (3 is 
smooth. Given this, the result follows: The preimage (3~^{E) of E contains but does not contain 
2/4* for any i, showing that E is not D-open. Hence the topology r (that is, the weak topology) on 
C°°(M,R") contains the Li-topology 

Now we prove that /3 is smooth. It is straightforward to check that /3 is smooth away from t = Q, 
so we will show that (3 is smooth at t = 0. That is, we will show that /3 : R x M — ;> R", defined 
by i3{t,x) = I3{t){x), is smooth near {0} x M. Since the t/j's cover M, it will suffice to show that 
for each j there is an e > such that $ is smooth on (— e,e) x C/j. We take e = 4/4^. Then this 
restriction of /3 only involves ai for i > j. Thus, using the charts, we can regard ai, f and fi for 
i > j as maps between Euclidean spaces, and we do so for the remainder of the proof. 

To show that /9 is smooth, we will check that for each multi-index u involving the coordinates of 
(— e, e) X Uj and each x € Uj the partial derivative Z)"^(0, x) exists. Indeed, writing t for the (— e, e) 
coordinate, we will show that 



We prove this by induction on the multiplicity m(u) of the t-coordinate in u. 
For m{u) = 0, since P{0,x) = fix), D''P{0,x) = D-^f{x). 

Assume that wc have proved the equality for any multi-index v with < m{v) < m for some 
fixed TO e N. Let w be a multi- index with to(u) = to -|- 1. We first prove the case in which is of 





otherwise. 




D'"-f{x), if u does not involve the i-coordinate 
0, otherwise. 
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the form £)" = §i-^^ with the multi-index v having rn(u) = m. Let v be the multi-index obtained 
from V by removing all the i-coordinates. Then, for i > and i chosen so that t e [1/4% 4/4*], 

D'^Pit, x) - = ^"((1 - h,{t))f{x) + h{t)U{x) - fix)) 

^D^Mt) iMx)-fix))] 
^h'r\t) {D"h{x)~D'f{x)). 
Therefore, if x is in Kj and t is chosen small enough so that i > max{j, to, \ v\}, then 

\\D^Pit,x)-D^mm = Wht^t) {D'^Mx)-D^f{x))\\ 

^\h'f'^\t)\x\\D^Mx)-D^fix))\\ 
1 



< X 



It follows that 

^.^ D-^{t,x)-D-p{0,x) ^ ^ 
t->o+ t 

Clearly the limit from the left is also zero, since /3{t, x) — /3(0, x) for t < 0. It now follows immediately 
that the claim holds for Z?" = D^-^D^ when m.{w) = and m{v) = to. Therefore, (3 : M. ^ 
C°°(Af,R") is smooth. □ 

Corollary 3.28. Let M and N be smooth manifolds with M compact. Then the D-topology on 
C°°{M, N) coincides with the weak topology. 

Proof. Choose an embedding N ^ M.^, and let U be an open tubular neighborhood of N in R*^, so 
that the inclusion i : N ^ U has a smooth retract r : U — > TV. 

First consider the weak topology on all function spaces. One can show that the maps 

C°°(M, N) C°°{M, U) C°^{M, N) 

are continuous. Since the composite is the identity, it follows that C°°{M,N) has the subspace 
topology from C°°(M, U). And since M is compact, U is open in M'^', and the weak topology contains 
the compact-open topology, C°°{M, U) is open in C°"{M,R^). It follows easily that C°°(M, U) has 
the subspace topology from C°° {M,M.''). Thus the weak topology on C°°{M,N) is the subspace 
topology from the weak topology on C°°(M, R*^). 

A similar argument works for the Z?-topology. For the last step, we use that the D-topology 
contains the compact-open topology (Proposition 3.23) to see that C°°{M, U) is open in C°°(Af, R'^), 
and then we use Lemma 3.17 to conclude that it has the subspace topology. 

Finally, Theorem 3.27 tells us that the Z?-topology and the weak topology on C°°{M,R'') agree, 
so they must agree on C°°{M, N). □ 

The weak topology is different from the _D-topology on C°°{M, N) in general. 

Example 3.29. (1) Let N and {0, 1} be equipped with the discrete diffeologies. Let / : N — > {0, 1} 
be the constant function sending everything to 0, and let /„ : N ^ {0, 1} be defined by /^^(O) — 
{0,1,..., n}. Note that /„ converges to / in the weak topology for the following reason. Since 
each element in the subbasis of the weak topology depends only on the values of the function and 
its derivatives on a compact subset of N, any of them containing / must contain all /„ for n large 
enough. 

On the other hand, we claim that for each n there is no continuous path F : [0, 1] — ?> C°°(N, {0, 1}) 
with F(0) = /„ and F{1) = /, where the codomain is given the weak topology. Since the weak 
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topology contains the compact-open topology, such an F gives rise to a continuous function [0,1] x 
N — ?► {0,1}, i.e. a homotopy from D{fn) to D{f). Since these maps are clearly not homotopic, no 
such F exists. 

Thus the weak topology is not locally path-connected. It follows from Proposition |3.4| that the 
weak topology is different from the D-topology on C°°(N, {0, 1}). 

The above argument in fact shows that every continuous path in C°°(N, {0,1}) with respect 
to a topology containing the compact-open topology is constant. In particular, this holds for the 
D-topology, and since the D-topology is A-generated, it must be discrete. 

(2) Let X be the countable coproduct of copies of , i.e. X — JJi^^Xi with each Xi — S^. 
Then the weak topology on C°° {X, S^) is not locally path-connected, by a similar argument, with 
/ : X -> S*! defined by ^ id : Xi ^ S\ and U : X defined by 



fn 



id, if I = 0, 1, . . . , n 
—id, otherwise. 



(3) The weak topology on C°°(K^ \ ({0} x Z),5'^) is not locally path-connected, by a similar 
argument, with / : \ ({0} x Z) ^ defined by 

f(^^y)= |2 _ g27r(2;+jy)| ~ ^ ^^^''), 

and /„ : K2 \ ({0} x Z) defined by 

fn{x,y) = f{x,(j)n{y)), 

where (/)„ : M — ?> R is a strictly increasing smooth function with 4>n(t) — t for |i| < n and |(/'n(t)| < 
n + 1 for all t. 

The above examples all show that the weak topology is not locally path connected and in particular 
that it is not A-generated. Since the Z?-topology is a A-generated topology which contains the weak 
topology, we are led to the following conjecture: 

Conjecture 3.30. Let M and N he smooth manifolds. Then the D-topology on C°°{M,N) is the 
smallest A-generated topology containing the weak topology. 

Remark 3.31. The conjecture is true when M is compact or N is R", since in those cases the weak 



topology and the Z?-topology agree. It is also true in cases (1) of Example 3.29, where these topologies 
differ. This follows from the observation made there that all continuous paths in C°°(N, {0, 1}) with 
respect to a topology containing the compact-open topology are constant. This implies that the 
smallest A-generated topology containing the weak topology (or even the compact-open topology) 
is the discrete topology. We don't know whether the conjecture is true in cases (2) and (3) of 



Example 3.2S 



Here is one application of our results: 

Theorem 3.32. Let M be a smooth compact manifold, and let T)iS{M) be the set of all difjeo- 
morphisms from M to itself with the sub-diffeology of C°°{M,M). Then S)iff(M) is D-open in 
C°°{M,M). Hence, Ti{DiS{M)) = T2(S)iff (M)) in the sense of Section 

Proof. Note that the weak topology and the strong topology coincide on C°° (M, N) when AI is 



a smooth compact manifold and is a smooth manifold. By Corollary 3.28 , the weak topology 
coincides with the D-topology. Hence the _D-topology coincides with the strong topology. The first 
part of this theorem is then the restatement of fli| . Theorem 2.1.7]. The second part follows from 



Lemma 3.17. □ 



When M is non-compact and N has positive dimension, the weak topology is different from 
the strong topology pp. 35-36]. Since the weak topology and the D-topology coincide for 
C°°(M,R"), it follows that the D-topology and the strong topology are different for C°°(M,R") 
when M is non-compact. We can make this explicit in the next example. 
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Example 3.33. It is not hard to show that the strong topology on C°°(R, M) has a basis {Bg{f) \ 
k e N, 6 : R R+ continuous, / S C°°(R,]R)}, where = {g 6 C°°(M,R) | T.'^^oif^'Hx) - 

(a;) )^ < 5{x) for each a; e R}. On the other hand, since the D-topology agrees with the weak 
topology on C°°(R,R), it has a basis {B^if) | fc G N,e G R+,/ G C°°(R,R)}, where B^{f) = {g e 
C°°(R,R) I E»=o(/^*-'(^) -ff^^^a;))^ < e for each x G [~k,k]}. It follows that the strong topology is 
strictly finer than the U-topology on C°°(R,R). 

On the other hand, it can be the case that the D-topology is different from the weak topology 



but agrees with the strong topology. For example, this happens in case (1) of Example |3.29 . 
We make the following conjecture. 

Conjecture 3.34. Let M and N be smooth manifolds. Then the D -topology on C°° {M, N) is 

contained in the strong topology. 
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